Abstract. Let T be a self-adjoint operator on a complex Hilbert space H. We give a sufficient and necessary condition for T to be the pencil λP + Q of a pair (P, Q) of projections at some point λ ∈ R\{−1, 0}. Then we represent all pairs (P, Q) of projections such that T = λP + Q for a fixed λ, and find that all such pairs are connected if λ ∈ R\{−1, 0, 1}. Afterwards, the von Neumann algebra generated by such pairs (P, Q) is characterized. Moreover, we prove that there are at most two real numbers such that T is the pencils at these real numbers for some pairs of projections. Finally, we determine when the real number is unique.
Introduction
The study of pairs of projections has a long history dating back to the late 1940's. In 1948, Dixmier [11] showed that the self-adjoint operator P + Q is a complete unitary invariant of the pair (P, Q) of projections when the pair is in generic position. Subsequently, Davis [10] characterized the self-adjoint operators which are a difference of two orthogonal projections. Afterwards, Kato [14, 15] proved that two orthogonal projections are unitarily equivalent when the norm of their difference is strictly less than 1. Later, Halmos in [13] represented pairs of projections in generic position by use of graphs of linear transformations. Meanwhile, Fillmore [12] obtained that any positive invertible operator is a positive linear combination of projections by means of a characterization of operators which are the sum of a pair of projections. On the basis of these remarkable results, several authors recently study the index [1, 6] , the difference [3, 16, 19] , the product [8] , the essential commutators [4] , some geometric properties(especially minimal geodesics) [2, 5, 9] of pairs of projections and other directions, which leads to questions of unitary equivalence of two pairs of projections.
On the other hand, Raeburn and Sinclair in [18] considered when two pairs of projections are unitarily equivalent. They shown that for λ ∈ (0, +∞)\{1}, there is a unitary U such that In particular, we call λP + Q the pencil of pair (P, Q) of projections at λ ∈ R. Fix λ ∈ R, set T λ = {(P, Q) ∈ P(H) × P(H) : T = λP + Q}.
Assume that T is a self-adjoint operator and λ ∈ R. Then N(T ) T is given by
where T 0 = T | H 0 . We call T 0 the generic part of T with respect to λ. If
N(T ) = N(T − I) = N(T − λI) = N(T − (1 + λ)I) = {0},
then we say T is in generic position with respect to λ.
If T is the pencil of pair (P, Q) of projections at λ, then (cf. [13] )
N(T ) = N(P) ∩ N(Q), N(T − I) = N(P) ∩ R(Q), N(T − λI) = R(P) ∩ N(Q), N(T − (1 + λ)I) = R(P) ∩ R(Q).
In this case, it is known that T is in generic position with respect to λ if and only if the pair (P, Q) of projections is in generic position in the sense of [13] .
The contents of the paper are as follows. In Section 2, we establish a characterization for T to be the pencil of a pair of projections at some point λ ∈ R\{−1, 0}. By use of this characterization, one can obtain the general representations of all pairs (P, Q) of projections such that T = λP + Q for a fixed λ, and find that all such pairs are connected if λ ∈ R\{−1, 0, 1}. Furthermore, we characterize the von Neumann algebra generated by all pairs (P, Q) ∈ T λ of projections as well as its commutant. Section 3 is devoted to show that there are at most two real numbers such that T is the pencils at these real numbers for some pairs of projections. In addition, we determine when the real number is unique.
2. When T is the pencil of a pair of projections at some point Let T ∈ B(H) be a self-adjoint operator. We have known when T is a difference of two projections(cf. [10, 19] ). We consider when T is the pencil of two projections at some point λ ∈ R\{−1, 0}. Put Λ = R\{−1, 0} and Λ 1 = R\{−1, 0, 1}. Suppose T is in generic position with respect to λ ∈ Λ. Next, we consider when T is the pencil of a pair of projections at λ, and then describe all such pairs. Afterwards, we extend the results to the general case. Proof. Suppose T = λP + Q, where (P, Q) is a pair of projections. It is elementary that P and Q are in generic position( [13] ). Firstly, we conclude
Indeed, straightforward calculation shows that (2.2) is equivalent to
which is also equivalent to 0
It is easy to check that (P, Q) is a pair of projections satisfying
which gives that T = λP + Q.
Remark 2.2 We may assume that T − 1+λ 2
I has the form (2.1) with λ ∈ Λ by Proposition 2.1 if T is in generic position at λ. That is, T − I. Now for any U ∈ U({B} ′ ), put
where P i j and Q i j (i, j = 1, 2) are defined as in (2.3) . It is known that T is the pencils of pairs (P U , Q U ) of projections at λ.
Therefore we have the following result.
Theorem 2.3 Let T ∈ B(H) be a self-adjoint operator in generic position with respect to
λ ∈ Λ such that T − 1+λ 2
I has the form (2.1). Then T is the pencil of a pair of projections at λ. Moreover,
Suppose T is the pencil of pair (P, Q) of projections at λ and
It follows that P|T − 
In fact, B is injective if λ = 1, and B is invertible if λ ∈ Λ 1 . We thus get
when λ = 1 and 
I)
when λ ∈ Λ 1 from (2.7). According to (2.5) again, it follows that
when λ ∈ Λ 1 . These imply that
by (2.6). The fact that
I ensures that P 12 is injective normal operator and
Let P 12 = U|P 12 | be the polar decomposition of P 12 , where U ∈ B(K) is a unitary operator in {|P 12 |} ′ . Combining these with (2.5), we have
Next, we only need to prove U ∈ {B} ′ , which finishes the proof of the theorem. Indeed, 
Fix λ ∈ Λ, Theorem 2.3 states that there is a one-to-one correspondence between T λ and
I has the form (2.1). Consequently, one can obtain the following result. I has the form (2.1), then T λ is a connected subset of P(H) × P(H).
Assume that T ∈ B(H) is a self-adjoint operator such that T − 1+λ 2 I has the form (2.1). Obviously, P U and Q U do not commute from Theorem 2.3. It is known that a von Neumann algebra R is generated by all projections in R. Next, we consider the von Neumann algebra W * (T λ ) generated by all pairs of projections in T λ .
Theorem 2.5 Let T ∈ B(H) be a self-adjoint operator in generic position with respect to
I has the form (2.1), then (2) .
Proof. Assume that (2) . Suppose A ∈ (W * (T λ )) ′ and (2) . Using the double commutant theorem,
Let T ∈ B(H) be a self-adjoint operator in generic position with respect to λ ∈ Λ. If T is the pencil of a pair of projections at λ, it follows from Theorem 2.5 and Proposition 2.1 that
respectively.
Suppose T ∈ B(H) is a self-adjoint operator having a generic part T 0 with respect to I. For any unitary operator U ∈ U({B} ′ ) and any projection E ∈ P(N(T − I)), we define
with respect to (1.2), where P U and Q U are defined as in (2.4).
Theorem 2.6 Let T ∈ B(H) be a self-adjoint operator having a generic part T 0 with
respect to λ ∈ Λ. If T 0 − 1+λ 2
I has the form (2.1), then T is the pencil of a pair of projections
at λ. Moreover,
Proof. Obviously, T is the pencils of pairs (P λ,U , Q λ,U ) of projections at λ, where (P λ,U , Q λ,U )
is defined as in (2.8).
Conversely, assume that T is the pencil of pair (P, Q) of projections at λ. Thus T 0 = λP 0 + Q 0 , where P 0 = P| H 0 and Q 0 = Q| H 0 are projections. It follows that there is a unitary operator U ∈ {B} ′ such that P 0 = P U and Q 0 = Q U from Theorem 2.3.
If λ = 1, we would have
Theorem 2.6 tells us the relationship between the pair (P, Q) and the operator T = λP + Q for λ ∈ Λ. For any unitary U ∈ {T } ′ and for any pair (P, Q) ∈ T λ , we easily see
On the contrary, if λ ∈ Λ 1 , then it is worth observing that for any
and UQU * = Q 1 . Consequently, if λ ∈ Λ 1 and T = λP + Q, then
Raeburn and Sinclair proved for λ ∈ (0, +∞)\{1}, there is a unitary U on H such that In fact, Corollary 2.7 reveals that the unitary equivalence class of λP + Q uniquely determines that of the pair (P, Q). From (2.1), we furthermore know that the unitary equivalence class of the positive operator B defined as in (2.1) identifies that of the pair (P, Q). We next extend Theorem 2.5 to the general case. I has the form (2.1), then
(2) * when λ = 1 and
when λ ∈ Λ 1 .
and so F 5 ∈ (W * (B)) (2) from Theorem 2.5.
On the contrary, suppose
It is apparent that F ∈ (W * (T λ )) ′ , and so we have
By the double commutant theorem, we get
Remark 2.9 Let T ∈ B(H) be a self-adjoint operator having a generic part T 0 with respect to λ ∈ Λ. If T is the pencil of a pair of projections at
respectively, where A = T 0 − 1+λ 2
I.
According to Theorem 2.6, we know that if λ ∈ Λ 1 , then T λ is connected. Next, we consider the connected components of T λ if λ = 1. Clearly, T λ is connected if N(T − I) = 0.
Generally, the connected components of T 1 depend on that of P (N(T − I) ). From the fact that two projections in P(H) are connected if and only if they are unitarily equivalent, we have the following result. 
where m and n are two arbitrary nonnegative integers.
3. The uniqueness of λ such that T = λP + Q Theorem 2.6 gives the general representation of pair (P, Q) of projections such that T = λP + Q for some point λ ∈ R. Using the representation, for self-adjoint operator T , we investigate the uniqueness of the real number at which T is the pencils of some pairs of projections. Proof. Suppose T = λP + Q = µP 1 + Q 1 , where (P, Q) and (P 1 , Q 1 ) are pairs of projections. There is no loss of generality in assuming µ = 0. We thus have T = λP + Q = Q 1 , which implies that λ 2 P + λPQ + λQP = λP. 
in terms of
where 
In this case, there are only two real numbers at which T is the pencils of pairs of projections.
Proof. Assume that T = λP + Q = µP 1 + Q 1 , where λ, µ ∈ R\{0}, (P, Q) and (P 1 , Q 1 )
are pairs of projections. Without loss of generality, suppose (3.1) holds in terms of (3.2) and λ > µ, that is λ = 1 + µ and µ −1.
It is easy to divide into five cases
and µ ∈ (−∞, −2] to consider. Next, we discuss the case µ ∈ [1, +∞), and other cases are similar. Then 
It follows from the fact that P, Q, P 1 , Q 1 aren't zero that {1, λ} ⊆ σ(T ) ⊆ {0, 1, λ}.
On the contrary, let {1, z} ⊆ σ(T ) ⊆ {0, 1, z} for some z ∈ R\{0, 1}. Without loss of generality, we assume σ(T ) = {0, 1, z}. It follows that T = 0 ⊕ I ⊕ zI in terms of
We easily see T = zP + Q = (z − 1)P 1 + Q 1 . In fact, it is not hard to find that there are only z and z − 1 at which T is the pencils of pairs of projections.
Proposition 3.3 Let T ∈ B(H) be a self-adjoint operator. Then T is the pencils of pairs of
projections at non-zero real numbers λ, µ with max{λ, µ}=2 min{λ, µ} 2(resp. min{λ, µ}=2 max{λ, µ} −2) if and only if
At this time, there are only two points at which T is the pencils of pairs of projections.
Proof. Assume that T = λP + Q = µP 1 + Q 1 , where λ, µ ∈ R\{0}, (P, Q) and (P 1 , Q 1 ) are pairs of projections. Without loss of generality, suppose (3.1) holds in terms of (3.2) and λ = 2µ. Clearly, µ ±1. Clearly, K 1 = {0} = K 2 . Moreover,
this induces that T 1 = 0, a contradiction. This establishes the conclusion above. Next, we naturally divide into four cases µ ∈ [
, 0) and µ ∈ (−1, 1 2 ] to consider. By the symmetry, it is sufficient to discuss the cases µ ∈ [ 1 2 , 1) and µ ∈ (0, 1 2 ), the cases µ ∈ (− 1 2 , 0) and µ ∈ (−1, 
I) and N(T −(1+λ)I) = {0} by (3.4). Now (3.1) becomes
which easily forces that I are dense range, we see that
Since T 1 0, it follows that K 1 {0} from the fact that µ 1.
If µ = I = µI from (3.6) and (3.7). Moreover, if N(T − λI) {0}, there would be µ = 1, a contradiction. Therefore N(T − λI) = {0}. It induces that T 1 = (1 + µ)I ⊕ µI in terms of I). Now (3.1) becomes
with respect to (3.2). It follows that
Obviously, I are dense range, we easily see that
(3.10)
Since T 1 0, we see that I = (1 − µ)I from (3.9) and (3.10). It is evident that T 1 = µI ⊕ (1 + µ)I in terms of 8) and (3.10) .
Therefore, we know that there is z ∈ (0, 1)(resp. z ∈ (−1, 0)) such that
On the contrary, if {1+z, z} ⊆ σ(T ) ⊆ {0, Suppose T = λP + Q for some real number λ and some pair (P, Q) of projections. It is easily seen that
, where
If K = {0}, we would have that
and T = zP 1 + Q 1 . If K {0}, there would be A + I. According to (2.3), it is easy to get that
Moreover, we easily check that (P 1 , Q 1 ) and (P, Q) are two pairs of projections. In addition, R(P) ∩ R(Q) = {0} = R(P) ∩ N(Q) and (P| K⊕K , Q| K⊕K ) is a generic part of the pair (P, Q).
From what has been discussed, we know that there are only z and 2z at which T is the pencils of pairs of projections.
If {1+z, z} ⊆ σ(T ) ⊆ {0, 1, 1+z, z} for z ∈ (−1, 0) and dim N(T −(1+z)I) = dim N(T −zI), then we also show that there are only z and 2z at which T is the pencils of pairs of projections, which completes the proof. 
and dim N(T −
, z, 1 2 + z, 0, 1} for some z < − 1 2 and dim N(T −
In this case, there are only two real numbers at which T is the pencils of pairs of projections.
Proof. Assume that T = λP + Q = µP 1 + Q 1 , where λ, µ ∈ R\{0}, (P, Q) and (P 1 , Q 1 ) are pairs of projections. Without loss of generality, suppose (3.1) holds in terms of (3.2) and λ > µ, that is λ = µ + , 0) ∪ (0, 1 2 ). Indeed, if µ ∈ (0, 1 2 ), then
, 1) and
by (3.3). This easily induces
I). Now (3.1) becomes 
Since A ± I are dense range, it follows that
As T 1 0, we have K 1 {0}. Actually, K 2 = {0}. Otherwise, we get that (A + From what has been discussed, we shall divide into four cases to consider in the following.
Case 1:
, +∞) and 
It is immediate that
) and
). Now (3.1) becomes I. It is obvious that
Since A ± λ−µ 2 I and B are dense range, we have 
We easily see that λ = µ, which contradicts λ > µ. Therefore λ = µ + 1 2 from the fact that
In this case, (3.11) becomes
) and 
which easily forces that
It is not hard to see I are dense range, we see that
This implies that K 1 {0} since T 1 0 and µ 1 2 . In addition, it is easily seen that K 2 {0} from µ . Hence (3.14) becomes 
with respect to
From Proposition 3.1, we suppose T = βP + Q with β ∈ R\{0} for pair (P, Q) of projections from (3.17) . It is easily seen that 
in terms of (3.18). We easily check that (P, Q) is a pair of projections and R(P)∩R(Q) = {0}. Put 
It is immediate that the pair (P 0 , Q 0 ) is a generic part of the pair (P, Q) with respect to 1 2 + z. 
Apparently, the pair (P 0 , Q 0 ) is a generic part of the pair (P, Q) with respect to z, which finishes the proof of the claim. Similar to (a), if (b) holds, we also know that there are only two real numbers z and z − 1 2 at which T is the pencils for some pairs of projections.
For operator T as in Propositions 3.1, 3.2, 3.3 and 3.4, there are only two real numbers at which T is the pencils for some pairs of projections. Based on this, we shall present the main result of this secton below. Proof. Assume that T = λP + Q = µP 1 + Q 1 , where λ, µ ∈ R, (P, Q) and (P 1 , Q 1 ) are pairs of projections. Without loss of generality, suppose λ ≥ µ. What is left is to consider T satisfying the case besides Propositions 3.1, 3.2, 3.3 and 3.4. Next, it is easy to be classified into two steps to discuss.
Step 1: There aren't real numbers λ, µ with λ · µ < 0 at which such T is the pencils of pairs of projections. Here are four cases to discuss. Case 1: λ ∈ [1, +∞) and µ ∈ (−1, 0). Then 
